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SUMMARY
In this paper, we describe a numerical model to simulate the evolution in time of the hydrodynamics of water
storage tanks, with particular emphasis on the time evolution of chlorine concentration. The mathematical
model contains several ingredients particularly designed for this problem, namely, a boundary condition to
model falling jets on free surfaces, an arbitrary Lagrangian–Eulerian formulation to account for the motion
of the free surface because of demand and supply of water, and a coupling of the hydrodynamics with
a convection–diffusion–reaction equation modeling the time evolution of chlorine. From the numerical point
of view, the equations resulting from the mathematical model are approximated using a finite element
formulation, with linear continuous interpolations on tetrahedra for all the unknowns. To make it possible,
and also to be able to deal with convection-dominated flows, a stabilized formulation is used. In order to
capture the sharp gradients present in the chlorine concentration, particularly near the injection zone, a
discontinuity capturing technique is employed. Copyright © 2015 John Wiley & Sons, Ltd.
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1. INTRODUCTION
To minimize short-circuit and dead zones and to guarantee treatment process efficiency are problems
commonly encountered in the design and optimization of water storage tanks. These tanks are the
final phase of drinking water treatment plants; the whole process includes mixing and contact tanks,
reaction and phase separation tanks, and storage and distribution tanks [1].
The objective of water storage tanks is twofold, namely, to equalize demand fluctuations (pumping requirements and operating pressures) and to provide storage for fire fighting and emergencies
[2]. Many efforts have been performed to understand the different phenomena that occur inside
these tanks. From the hydraulic point of view, there are two types of ideal flow within reactors, the
so-called plug (or piston) and mixed (or stirred) flows [3]. Examples of the first one are the contact
tanks, where contact between water and reactive substance (for instance chlorine) must be maximized. To achieve this objective, it is necessary to prevent that freshly inflow be remixed with the
fluid inside the tank [1]. Existence of baffles is the main characteristic of contact tanks; they redirect
the flow path in a narrow long path, and as a result, the residence times of all the particles inside
the tank are the same [3]. In the second group, there are generally the storage tanks, where the mix
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of freshly inflow with the content of the tank is preferred. Water quality in storage tanks was not
considered in early times for the design, but nowadays, it is an important objective to satisfy water
regulations, because presence of total mix in the tank keeps the bulk water quality.
Real flows inside tanks are difficult to categorize because of complex geometries and inlet–outlet
configurations, where presence of stationary and recirculation zones are common, and consequently,
poor mixing and long residence times occur, implying long water age.
Nowadays, chlorine is the most common disinfectant used in drinking water treatment plants. As
a non-selective oxidant, chlorine in the water tanks reacts with both organic and inorganic chemical
species, leading to the formation of disinfection by-products [4], as total trihalomethanes [5]. Bad
hydraulic performance of tanks, as the presence of short-circuit and dead zones, impacts in the
effectiveness of the chlorine disinfection. The main consequence of chlorine decay (because of its
reactions with species) is that for long residence time of fluid particles, the amount of chlorine
diminishes (in fact exponentially), and poor concentration of disinfectant stimulates the bacterial
regrowth. As the general regulations require that minimum levels of chlorine must be maintained
in the entry to the distribution system [6], it is often necessary a second rechlorination in storage
tanks [7].
Modeling the performance of real drinking water storage tanks consists of two stages. On the
one hand, it is necessary to simulate the hydrodynamic behavior inside the tank according to the
inlet–outlet configuration and pumping requirements. Some authors have mentioned the need of
considering the variable water level in response to variable inlet–outlet flow, so that the flows are
never steady [7]. On the other hand, it is necessary to simulate the chlorine transport (and decay)
according to the velocity field. Simplified mathematical models of the whole process can be found
in the literature [1]. For example, in the so-called black box model, an ideal behavior inside the tank
(total mix) and an uniform concentration of chlorine are assumed [2]. In the opaque box model, the
domain is split in zones with simplified different behavior (boundary volume zone, zone of fixed
stagnant volume, region of variable mixed volume, recirculation zones, etc.) and is assembled in a
compartment circuit to represent in more detail the complex hydrodynamic behavior inside the tank.
Examples of opaque box models are the multichannel reactor model [7] and the linear compartment
model [8]. Obviously, another way to approach the problem is experimentally using scale models.
Important advances have been achieved using three-dimensional laser-induced fluorescence [9] and
digital image techniques [10] in tracer studies.
Analytical models of chlorine concentration decay are based on mass conservation. The unsteady
advection–diffusion–reaction (ADR) equation is the most used in computational modeling of decay
[1, 11]. In particular, the simplest and most used model is to consider only a linear reaction term in
the ADR equation, where the reaction coefficient is the decay constant of chlorine [12]. This is the
so-called first-order model. The decay constant is usually calculated by means of regression lines
with experimental data using least square methods. It is well known that it depends on temperature
variations and initial concentration of chlorine, and also on the concentration of organics and the
reactivity of these in water [13]. Several models of decay have been presented in order to capture all
these phenomena, such as the second-order model [14], the parallel first-order model [15], and the
parallel second-order model [4]. It is assumed in general that chlorine reacts in two ways in water.
There is an initial phase of rapid consumption (fast reaction) and a second of slow consumption
(long-term reaction). The different combinations of first and second orders of the decay of these two
phases give rise to the parallel models.
Computational modeling nowadays is widely used in studies of water treatment plants, for
instance, in chlorine contact tanks [16–21], settling tanks [22], clarification basins [23], distribution
system [24], bacterial inactivation [25], and storage tanks [7, 26–28]. Computational models are
also used for the chlorine concentration decay [1, 11].
Jets are the only mechanism to achieve mixing in storage tanks because these work without any
active devices, such as turbines or impellers [29]. When a jet reaches the sides of the tank, it reverses
its direction, stimulating the remix of the fluid inside the tank with new freshly inflow water. Adding
to this, the complexities of the geometries of tanks and the formation of recirculation zones and
secondary flows are common, so the flow is dominated by three-dimensional large-scale structures,
Copyright © 2015 John Wiley & Sons, Ltd.
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as in contact tanks [20]. Early efforts to capture these phenomena were to use the Reynolds-averaged
models of the Navier–Stokes equations (RANS) as in [21], where the popular k-" model was
employed to calculate the turbulent eddy viscosity and the water surface was kept constant. Other
approaches were to use depth-integrated equations instead of the three-dimensional Navier–Stokes
equations, as in [18, 30]. In these references, the authors compared different RANS turbulence
models, as the mixing length and the k-" model, and Smagorinsky’s subgrid-scale eddy viscosity
model (SGS) to approximate the Reynolds stress in a large eddy simulation (LES). They concluded
that the mixing length model was not adequate to capture horizontal re-circulations, which the k-"
model overestimated diffusive effects in the flow, and finally that Smagorinsky’s model underestimated peak concentrations of chlorine compared with measurements. Other authors have concluded
the same [16]. Nowadays, LES in this context has put aside the traditional RANS models [20, 24],
although some authors have used unsteady RANS to study jet mixing in storage tanks [26]. The
approach we have adopted in this paper is not to use any turbulence model, but to rely on the dissipation of the numerical formulation to model the subgrid scales of turbulence. This strategy is
commonly known as implicit large eddy simulation.
In this work, we present a model to simulate the behavior of real drinking-water tanks with several
particular features. First, we take into account the variability of the volume of water because of its
demand and supply, which are supposed to be known at all times. Second, we will also propose
a model to approximate the effect caused by the jets of fresh water impinging the free surface of
the storage tank. Finally, we also consider the injection of chlorine through little jets, its transport,
diffusion, and decay.
Section 2 presents the mathematical model. Concerning the variability of the volume of water,
the demand–supply curves we will use are based on a 24-h operation of the plant, the data we have
available for the numerical simulations to be presented of real drinking-water storage tanks close to
the city of Barcelona. We start with a given level of the water-free surface at a certain time, and calculate the instantaneous level of the free surface from the incoming and outcoming flow rates given
by the demand–supply curves. To model mathematically the process, the incompressible Navier–
Stokes equations are written using a particular arbitrary Lagrangian–Eulerian (ALE) formulation
(see e.g., [31]). Referring to the treatment of jets, this is required in a very common case where water
is supplied to the tank through jets that hit the water-free surface. We propose to model this from the
knowledge of the jet velocity exit and geometry, assuming a parabolic free falling and computing its
spreading using the self-similarity of turbulent jets as hypothesis [32, 33]. The velocities that reach
the tank-free surface are then used as boundary conditions. Finally, for the chlorine concentration
model, we use the first-order model described earlier.
The numerical approximation of the mathematical model is described in Section 3. It is based on a
finite element method implemented in an in-house finite element software package. This formulation
in turn is based on a nodal-based structure that makes it more efficient than standard codes with
an element-based data structure [34]. In order to overcome instabilities that arise because of the
coupling of velocity and pressure and to be able to deal with convection-dominated problems, an
orthogonal subgrid-scale stabilization is used [35]. A predictor–corrector scheme based on fractional
step methods is used to segregate the velocity–pressure coupling [36]. The approximation of the
equation for the chlorine concentration is also based on a stabilized finite element method. However,
in this case it is also necessary to use a shock-capturing method to deal with the sharp gradients that
appear close to the chlorine injection jet.
Numerical simulations are presented in Section 4. We first present some simple tests to validate
some of the new approximations (physical and numerical) proposed in this paper. Then we present
two numerical simulations of real water storage tanks. From these, one can evaluate the potential
of the model we propose to extract conclusions about the behavior of the tank of physical and
technological interest. Studies of these tanks are generally centered in finding the optimum inlet–
outlet configuration of the flow to preserve the complete mix in its operation period. For example,
preliminary conclusions in computational modeling of steady-state situations are that a side wall
inlet, below the free surface, is better than the top water level inlets in geometries where the outflow
is placed in the opposite side of the inlet in rectangular tanks [7]. Similar conclusions in transient
experimental scale model studies were obtained in [10]. Other scale model studies relate the amount
Copyright © 2015 John Wiley & Sons, Ltd.
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of inlet with the mixing fastness [9]. In one of the simulations presented, the tank studied is of
cylindrical type with an upward inlet jet in the center. We show that our simulation captures the
‘donut’-type dead zone presented in scale models [9]. Furthermore, this tank has several columns
inside. Effects of columns in mixing of storage tanks have been studied in scale model tracer studies
in [10, 17]. Preliminary conclusions of these works are that wake areas behind columns behave as
emitters of tracer into the bulk of the flow, favoring the local mixing but slowing the velocity field. In
order to measure the hydraulic efficiency of the tank, there are several experimental indexes [37], the
most common of which is the residence time distribution (RTD) of a tracer (conservative substance)
transported inside the tank. RTD curves are obtained normalizing the concentration of the tracer
measured in the outflow by the initial average concentration in a steady-state flow. As tanks studied
in this work operate in unsteady state, we use the fraction of the tank volume occupied by the dead
region [25, 38] as hydraulic index.
The paper is closed in Section 5 with some final conclusions and remarks.
2. MATHEMATICAL MODEL
This section is devoted to the description of the mathematical model needed to simulate the operation
of a storage tank in a certain time period. The model includes the flow problem, described by the
incompressible Navier–Stokes equations, and the balance equation for the chlorine concentration,
both with appropriate boundary conditions.
A possible geometrical configuration of the storage tanks to be considered is depicted in Figure 1.
It consists of a round tank, with columns supporting the lid (not shown) and with two types of
inflows, namely, one below the water-free surface (in this case emanating from a pipe that arises
from the ground) and another above it. The latter gives rise to a free-falling jet. There might be
different outlets in the tank, usually through holes with small diameters compared with the tank size.
2.1. Hydrodynamical model and free surface motion
2.1.1. Incompressible Navier–Stokes equations. Let .t / be the domain occupied by the water
at a certain time t 2 Œ0; T , where T is the duration of the time interval to be analyzed. This
domain is time dependent because of the possible mismatch between outflow–inflow flow rates
given by the demand–supply curves, as described later. We assume throughout that .t / is threedimensional, with boundary .t / D @.t /. At each point of .t /; n will be the unit outward normal
and mi ; i D 1; 2, the two tangent vectors, being n; m1 ; m2 an orthonormal system.
Let u W .t /  Œ0; T  ! R3 be the water velocity at each point and time instant .x; t / 2
.t /  Œ0; T , and p W .t /  Œ0; T  ! R the kinematic pressure. We consider that u and p are
unaffected by the concentration of substances in the water tank, in particular by chlorine, that is, it is

Figure 1. A generic example of a ground storage tank.
Copyright © 2015 John Wiley & Sons, Ltd.
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assumed to be a passive scalar. Therefore, u and p are solution of the incompressible Navier–Stokes
equations, given by
@t u  2r  r s u C u  ru C rp D f

in .t /  .0; T /

(1)

r uD0

in .t /  .0; T /

(2)

where  is the kinematic viscosity (the dynamical viscosity divided by density), r s is the symmetrical gradient, and f is the force vector. For the exposition, we will consider only gravity forces,
and therefore f could be taken as zero and the hydrostatic pressure added to p. This will allow
us to prescribe zero traction boundary conditions at free outlets, whereas otherwise the hydrostatic
pressure should be prescribed.
Equations (1) and (2) must be supplied with an initial condition of the form u D u0 in .0/; t D
0, and suitable boundary conditions on .t /; t 2 Œ0; T . The particular features of the problem
described rely precisely on these boundary conditions, which will be discussed in detail later.
Even though we will not consider thermal coupling, which could be incorporated through
Boussinesq’s assumption, in some studies, water stratification due to density variations caused by
temperature is taken into account [9].
2.1.2. Demand–supply curves and free surface motion. Variability of the water volume inside
tanks, for example, in a complete 1-day operation of the plant, is due to the mismatch between
inflows and outflows. The so-called demand–supply curves determine the time evolution of the
outflow and inflow flow rates, respectively.
From the demand–supply curves we can determine the following:
 The time variation of the position of the free surface.
 The velocity boundary conditions.
We will assume that the free surface can be modeled as a perfectly flat surface. This is an approximation in two senses. On the one hand, if there are water jets hitting the free surface, there will be
local dynamics around the impact zone that will not be taken into account. On the other hand, there
might be surface waves produced by the water volume variation. This last effect is negligible in the
problem we consider.
Under the assumption described, the position of the free surface can be easily determined from
the net flow rate and the geometry of the tank. The net flow rate determines the volume variation
and, from this, the variation of the free-surface height.
The velocity boundary condition requires to assume a certain velocity profile to produce the
inflow and outflow flow rates in the inlet and outlet pipes; we will assume this profile to be parabolic
in all cases.
Figure 2 (left) shows a demand–supply curve along a certain operation period in one of the
examples that we have analyzed. From these curves, the position of the free surface can be easily
computed for a given geometry as follows. Suppose that a given time t , the area of the free surface

Figure 2. Demand flow rate curves in a tank with one inflow and two outflows (left) and free surface height
curve of this tank obtained from the demand curves (right).
Copyright © 2015 John Wiley & Sons, Ltd.
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is A.t /, the inflow flow rate Qin .t / (possibly from different inlets), and the outflow flow rate Qout .t /
(possibly from different outlets). Then, H.t / is computed from the time integration of
d
1
.Qin .t /  Qout .t //
H.t / D
dt
A.t /
This integration can be performed numerically.
For the example of Figure 2 (left), the evolution of the height H.t / of the free surface is shown
in Figure 2 (right).
2.1.3. A particular arbitrary Lagangrian–Eulerian formulation. Because of the time variation of
the free-surface height, the domain .t / where the problem is posed is time dependent. To deal with
this time evolution, we will use a simplified Arbitrary Lagangrian–Eulerian (ALE) formulation.
If H.t / is the free surface height computed as described earlier, the velocity of this free surface
is given by
uf .t / D

d
H.t /e 3
dt

(3)

where e 3 is the unit vector in the vertical direction. From the free surface velocity uf .t /, we may
define a domain velocity ud .x; t /, which in the finite element approximation described later will
correspond to the velocity of the nodes of the finite element mesh. Very often, this velocity field is
obtained by solving an equation of Laplace type in the whole domain . In [39], there is an example
of the change in volume in a simple discharge of a tank using this procedure. Here, however, we
will use a simpler specifically designed procedure.
We have to differentiate two situations, namely, the case in which the free surface is above the
inlet (Figure 3 left) and the one in which the inlet is above the free surface (Figure 3 right). We
will assume that there are no other operational situations in the tank, that is to say, submerged inlets
never get above the free surface. This is the common situation in real water storage tanks.
In both cases, we have a region limited by the planes x3 D H0 and x3 D H.t /, where x3 is the
vertical coordinate and H0 is a height that we take just above the inlet in the first case and just above
the highest outlet in the second. In this region H .t /, we compute the velocity ud .x; t / by solving
the problem
ud .x; t / D 0

d

n  u .x; t / D 0;

in H .t /

(4)

ud .x; t / D uf .t /

at x3 D H.t /

(5)

ud .x; t / D 0

at x3 D H0

(6)

d

on the rest of @H

(7)

mi  .n  ru .x; t // D 0; i D 1; 2;

Note that if H .t / is a cylindrical domain, ud .x; t / will vary linearly from 0 at x3 D H0 to uf .t / at
x3 D H.t /. This is the situation in the numerical simulations to be presented.
Once the domain velocity ud .x; t / has been computed, we may rewrite Equation (1) in ALE
form as
@t u  2r  r s u C c  ru C rp D f

(8)

where the convective velocity is c D u  ud .

Figure 3. Type of scaling to account for movement of the free surface: inlet below the free surface (left) and
inlet above the free surface (right).
Copyright © 2015 John Wiley & Sons, Ltd.

Int. J. Numer. Meth. Fluids 2015; 79:84–107
DOI: 10.1002/fld

90

R. CODINA ET AL.

2.1.4. Initial and boundary conditions. Problems (1) and (2) need to be supplied with initial and
boundary conditions. Concerning the latter, there are different types of them to be considered. The
simplest cases are described later, leaving for the next subsection the case of a free falling jet.
Initial conditions. If the demand–supply curves were considered periodical, instead of considering
initial conditions at t D 0, we could consider periodical conditions between t D 0 and the operational period t D T . However, this is not the case we will consider, and we will start the analysis
from a given velocity field u0 .x/ at t D 0.
In order to obtain a velocity field that satisfies the continuity equation (2) and the boundary
conditions described later, we obtain u0 .x/ by solving an instantaneous Stokes problem at t D 0
with these boundary conditions.
Boundary conditions on solid walls. On the bottom of the tank, we prescribe the non-slip condition
u D 0. On the lateral surfaces, the fluid needs to slip because of the motion of the free surface.
We then prescribe the non-penetration condition n  u D 0, associated with the prescription of zero
tangential stresses. Tangential stresses based on wall laws could also be prescribed, but we have not
considered them in this work.
Boundary conditions at inlets and outlets. From the demand and supply curves, we know the inflow
and outflow flow rates at inlets and outlets, respectively. If q.t / is the flow rate at any of these and a
is its area, the mean of the velocity to be prescribed is q.t /=a. In the examples, we have considered
inlets and outlets as round pipes, and we have prescribed a parabolic velocity profile pointing in the
direction of pipe, normal to the tank.
At the numerical level, and in order to avoid possible mismatch of inflow, outflow, and free surface
motion, it is convenient to leave at least one outlet free, that is to say, to prescribe zero traction there
(or the natural Neumann boundary condition associated to (1)).
Boundary conditions on the free surface. If there is a jet of water that impacts the free surface,
the velocity prescribed is obtained as described later. At all other points, we prescribe the normal
velocity to n  uf .t / given by (3) and leave free the tangential component, so that we will in fact
prescribe the tangential stress to be zero.
2.1.5. Variational problem. According to the previous discussion, the boundary conditions to be
considered will be of the following form:

n  u D uN n ;

u D uN

on D

mi  .n   / D 0; i D 1; 2;

on M

n D0

on N

where  D D [ M [ N ; uN is a given velocity field, uN n a given normal velocity, and  D
pI C 2r s u is the Cauchy stress tensor (divided by the density). D is the union of the inlet, the
outlet with prescribed velocity, the jet on the free surface (if it exists) and the bottom of the tank,
whereas, M is the union of the rest of the free surface and the lateral surfaces of the tank. N is
the part of the boundary where the velocity is left free, which in our case corresponds to one of the
outlets, as explained earlier.
Let us define the functional spaces
®
¯
V WD v 2 H 1 ./3 j v D uN on D ; n  v D uN n on M
®
¯
V0 WD v 2 H 1 ./3 j v D 0 on D ; n  v D 0 on M
as well as Q D L2 ./. As usual, H 1 ./ denotes the space of functions with derivatives in L2 ./.
The inner product in this space is denoted by .; /, whereas in general, h; i denotes the integral of
the product of two functions.
Copyright © 2015 John Wiley & Sons, Ltd.
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With the notation introduced, the weak form of the problem consists of finding a velocity u W
Œ0; T  ! V satisfying the initial condition and a pressure p W Œ0; T  ! Q such that
.@t u; v/ C h.u  ud /  ru; vi C 2 .r s u; r s v/  .p; r  v/ D hf ; vi
.q; r  u/ D 0

(9)
(10)

for all v 2 V0 and q 2 Q.
2.2. Free falling round jet model
Certain tanks are fed in a waterfall manner (free falling), that is to say, one or more water jets
are thrown out over the free surface of the water inside the tank [10]. In other tanks, inlets are
placed below the free surface of water, but may become located above this free surface if the tank is
emptied. To model this situation while avoiding to simulate numerically these jets, we propose to use
the semi-empirical velocity profiles obtained in theoretical and experimental studies of developed
jets issuing in a quiescent medium. We are interested in the profile of radial and axial velocity (in
the direction of the motion) and the spread of the jet.
We will start explaining how to model numerically a straight water jet entering air using empirical
information. In particular, we will assume that the jet is a round one and explain how to approximate
the radius evolution and the velocity profile inside the jet. Assuming that the jet leaves horizontally,
we will compose the dynamics described with the free falling of the jet until it touches the free
surface. This will allow us to obtain the velocity (magnitude and direction) of the water particles
that reach the tank, and which we will prescribe as boundary conditions. The simplification of
considering a constant radius of the jet and a uniform velocity will also be described. In fact, in the
numerical simulations, we will present that we have observed that this is a good approximation.
2.2.1. Straight water jets in air. Let us consider a jet from a circular hole of radius R0 and uniform
velocity U0 . To fix ideas, we assume that the jet is horizontal and remains straight, that is, gravitational effects are neglected for the moment. Let L be the length coordinate along the jet axis and
r the radial distance along this axis. We assume that the jet remains round, with diameter R.L/
and with an axial velocity profile U.r; L/. The objective is to determine R.L/ and U.r; L/ from
experimental results.
The jet radius R.t / grows because of pressure release and air entrapment caused by instabilities
on the jet surface. It depends on the geometry of the problem, the velocity U0 , and the physical properties of water and air, including water surface tension. Different models of more or less complexity
can be found, for example, in [40–43]. Here, we will use a very simple model, which can be found,
for example, in [44–46]. The outer surface of the jet is assumed to grow linearly with the distance,
and therefore
R.L/ D CL C R0

(11)

where C is a constant. For example, the value C D 0:005 is suggested in [46] for high Reynolds
numbers, as those encountered in water jets feeding tanks.
It remains now to obtain the velocity profile U.r; L/. Let M.r; L/ be the momentum. Neglecting
the density of the air bubbles, it will be given by
M.r; L/ D ˛.r; L/U.r; L/

(12)

where  is the water density and ˛.r; L/ is the water volume fraction. Note that ˛.0; 0/ D 1. After
the inlet, the jet displays a zone of flow establishment of length between 10R0 and 20R0 where ˛
varies significantly with r, being close to 1 in the core of the jet. In the zone of fully developed jet,
we may assume that mixing with air is uniform in the whole section, so that ˛.r; L/ D ˛.0; L/. This
function ˛.0; L/ is known experimentally. In [47], it is shown that it decreases rapidly with L, being
approximately ˛.0; 40R0 /  0:2; ˛.0; 200R0 /  0:05; ˛.0; 400R0 /  0:02. We will determine it
by imposing conservation of the flow rate.
Copyright © 2015 John Wiley & Sons, Ltd.
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We may now proceed to compute U.r; L/. For that, we need to use the profile M.r; L/, which
from experimental results can be shown to match the curve [45]:

 r 3=2 3
(13)
M.r; L/ D M.0; L/ 1 
R
From the continuity equation, we have that the integral of M.r; 0/ over the inlet section L D 0
should be equal to the integral over any other section, that is to say,
Z R
 r 3=2 3
2
1
U0 R0 D 2M.0; L/
r dr;
R
0
from where [45]
M.0; L/ D 5:62 U0

R02
R2

(14)

Using (14) in (13) and the definition (12), we finally get:

 r 3=2 3
R2
U.r; L/ D 5:62 U0 02 1 
˛R
R

(15)

where R D R.L/ is given by (11) and ˛ is known experimentally or can be determined from the
conservation of the water flow rate.
2.2.2. Free falling of water jets. In the previous development, we have assumed that the jet is
horizontal. However, it will fall because of gravity and impact the water-free surface of the tank. A
schematic of the situation is depicted in Figure 4.
The vertical and the horizontal motions are coupled, because the vertical acceleration will lead
to a velocity increase that depends nonlinearly on the radius of the jet, which in turn depends on
the length run by the jet particles. To simplify the problem, we will consider that the horizontal
and vertical motions can be uncoupled, the former with the kinematics described previously and the
latter with the kinematics of a free falling.
Once we know the motion of all water particles in the inlet jet, we may compute the point and the
velocity at which these particles will impact the free surface. Then, we may prescribe this velocity
as a Dirichlet boundary condition at the point of impact. Let us see how to compute the impact point
and velocity.

Figure 4. Free falling of a jet. Left: plane section and right: perspective.
Copyright © 2015 John Wiley & Sons, Ltd.
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For each particle in the jet, let ´.t / be the vertical coordinate measured from the tank-free surface
at time t . Assuming the vertical motion corresponds to free falling, it will be given by
1
´.t / D ´0  gt 2
2

(16)

p
where ´0 D ´.0/. The impact with the free surface will take place at Tf D Tf .´0 / D 2´0 =g. If
r0 is the radial coordinate of the particle at the inlet, the horizontal distance L.r0 ; ´0 ; t / run after a
time t can be obtained by solving
dL
D U.r; L/;
dt

L.r0 ; ´0 ; 0/ D 0

(17)

where, according to (11), r D CL C r0 . The horizontal distance run by the particle will be
Lf D L.Tf /, with L.t / computed by solving (17). With this, we could compute the shape of the
intersection of the falling jet with the free surface exactly. However, this would involve discretizing the section of the inlet jet and integrating (17) for all discretization points. Rather than this, we
compute the shape of the intersection in a simplified manner.
Assume that R.L/  R0 and U.r; L/  U0 , that is to say, the jet maintains its radius and the
velocity is uniform, equal to the inlet velocity. With these simplifications, we have that Lf D U0 Tf ,
which allows us to compute the coordinates of the jet impacting the free surface, and the velocity at
the center of the jet, which is
jet

u0 D .U0 ; gTf /

(18)

If the cross-section of the jet remains a circle of radius R, the intersection with the free surface will
be an ellipse, of semi-axis R in the cross-wind direction and semi-axis R= cos. / in the streamline
direction (see Figure 4, left), with D arctan.U0 =gTf /. This completely defines the shape of the
intersection of the jet with the free surface, say jet  D .
jet
jet
Now let uO D u0 =ju0 j. The boundary condition on jet to be prescribed is
ujet D U.r; Lf /uO

(19)

where U.r; L/ is given by (15), with ˛ determined from the condition that
Z
R2 U0 D
U.r; L/ cos. /
jet

Alternatively to prescribing (19) with the velocity profile U.r; Lf /, we can consider a simplification, which consists in taking a constant velocity profile, so that
ujet D U0 uO

(20)

Note that neither in (19) nor in (20), we have considered the vertical component of the velocity in
O Increasing the velocity norm would amount to reducing
its norm, but only in its direction given by u.
the area of the intersection of the jet with the free surface, thus requiring a finer discretizaion when
approximating the equations numerically.
From the simulations run, we have observed that similar results are obtained using either (19) or
(20). In Section 4, we will show this quantitatively in a simple example. The simulations of water
storage tanks in this section have been obtained using (20).
2.3. Chlorine decay model
2.3.1. Governing equation. The time and space evolution of the chorine concentration C is
modeled using the ADR equation [1, 11]:
@t C C c  rC  r  .
Copyright © 2015 John Wiley & Sons, Ltd.
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where c is the advection velocity to be specified later,
r.C / the reactive term.

eff

the effective diffusion coefficient, and

Diffusion coefficient. The effective diffusion eff is often taken as the sum of the chorine molecular
diffusion mol and a turbulent diffusion tur . The latter in turn is taken as a turbulent Prandtl number associated with the chlorine concentration (in general, a number close to one) multiplying the
turbulent kinetic viscosity associated with the turbulence model being used. However, we will not
include any turbulence model in our approach, Because we rely only in the numerical formulation
to be described later to model turbulence effects [35, 48, 49]. Therefore, we shall take eff D mol .
Reactive term. The reactive term r.C / models the point-wise decay of chlorine concentration. The
simplest and most widely used are power-law models of the form
r .C / D k C n

(22)

where k is the bulk reaction coefficient and n the reaction order. When n D 1, one obtains the socalled first-order decay model and k the first-order decay constant of chlorine [12]. This constant
is commonly calculated by linear regression from experimental data using least square methods.
These data are measurements of chlorine concentration decay in glass bottle samples (where water
is motionless), that is, values reported in literature are independent of the advection flow and the
diffusion within the tanks. It is well known that the value of k depends on temperature variations
and initial concentration of chlorine, and also on the concentration of organics and the reactivity
of these in water [13]. This is why several models of chlorine decay have been proposed in order
to capture all these phenomena, such as the second-order model [14], the parallel first-order model
[15], and the parallel second-order model [4]. It is assumed in general that chlorine reacts in two
ways in water. First, there is an initial phase of rapid consumption (fast reaction) and then a second
slow consumption phase (long-term reaction). The different combinations of first and second order
phases of decay give rise to the different models available in the literature.
In this work, we shall restrict ourselves to the simplest first-order model. In particular,
 2 1in
 the
9
m
and
D
10
s
numerical simulations
we
have
used
as
physical
constants
in
SI
units,
mol

k D 105 s1 , suggested in [11].
Advection velocity. It remains to define the advection velocity c in (21). In principle, it should be
given by c D u  ud , as in (8), where u is the velocity field in the bulk of the flow and ud the
velocity of the domain due to the ALE formulation employed. However, very often (part of) the
chlorination of the tank comes from little holes or hoses where water with a very high concentration
of chlorine is injected. This process is often termed as rechlorination, as this is additional chlorine
directly injected to the tank.
Let urec ; prec be the velocity and pressure associated to the flow induced by the rechlorination
through the hoses. We assume that in most of the computational domain, jurec j  juj and therefore,
the bulk velocity is not influenced by urec . This is of course an approximation, which allows us to
compute independently first u from (9) and (10) and then urec .
We need to specify how to compute urec . Because we assume that it is small, we neglect inertial
effects in its calculation, as well as time variations. Let rec be the part of the boundary of the
computational domain  where rechlorination takes place, which we assume is a submerged hole
of @. We compute urec ; prec by solving the stationary Stokes problem:
urec C rprec
r  urec
urec
urec

D0
D0
D uN rec
D0

in 
in 
on rec
on @ n rec

where uN rec is the velocity with which the chlorine is injected. Note that  is time dependent, and
therefore, urec will change in time because of the change of the computational domain.
Copyright © 2015 John Wiley & Sons, Ltd.
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Even if urec does not influence u, it is obviously crucial in the transport of C , because part of
this concentration comes from rec . Because urec is small, we assume that the flow it induces can be
directly superimposed to the flow of u. Thus, the advection velocity to be used in (21) is
c D u C urec  ud

(23)

In Section 4, we will check numerically the validity of the approximation proposed.
2.3.2. Initial and boundary value problem. In view of the previous discussion, we can already write
down the initial and boundary value problem for the chlorine concentration C .
Referring to the initial conditions, we can choose either prescribing C at t D 0 or prescribing
periodical boundary conditions if a period of a long working operation of the tank is to be analyzed.
The first condition is of the form C.x; t / D C 0 .x/, with x the spatial position and C 0 .x/ a given
function, whereas the latter would be of the form C.x; 0/ D C.x; T /; @t C.x; 0/ D @t C.x; T /,
assuming the initial time is set to t D 0 and T being now the period. To fix ideas, we will choose
the first option, which is what we used in the numerical examples, with C 0 .x/ D 0.
To write down the boundary conditions, let in the inflow part of the boundary, that is, the part of
D where the velocity points to the interior of  (inlets and the jet on the free surface) and Cin the
known chlorine concentration with which the flow enters the domain. On the rest of the boundary,
we prescribe the no-flux condition n  rC D 0.
Under all the assumptions described, the problem for the chlorine concentration consists of
finding C W   Œ0; T  ! R such that
@t C C .u C urec  ud /  rC 

mol C

CkC
C
C
n  rC
C

D0
in ; t 2 .0; T /
D Cin in in ; t 2 .0; T /
D Crec in rec ; t 2 .0; T /
D0
in @ n in n rec ; t 2 .0; T /
D0
in ; t D 0

2.3.3. Variational problem. To model the evolution of the chlorine concentration C , we need to
solve the boundary value problem for urec and then the initial and boundary value problem for C . In
order to write the variational form of these problems, let us introduce the spaces:
®
¯
Vrec WD v 2 H 1 ./3 j v D urec on rec
®
¯
Vrec;0 WD v 2 H 1 ./3 j v D 0 on rec
¯
®
VC WD D 2 H 1 ./ j D D Cin on in ; D D Crec on rec
¯
®
VC;0 WD D 2 H 1 ./ j D D 0 on in [ rec
The variational form of the problem for the rechlorination flow consists in finding urec 2 Vrec and
prec 2 L2 ./=R such that
.rurec ; rvrec /  .prec ; r  vrec / C .qrec ; r  urec / D 0

(24)

for all vrec 2 Vrec;0 and qrec 2 L2 ./=R, whereas the problem for the chlorine concentration in
variational form consists in finding C W Œ0; T  ! VC such that
.@t C; D/ C h.u C urec  ud /  rC; Di C

mol .rC; rD/

C k.C; D/ D 0

(25)

for all D 2 VC;0 .
3. NUMERICAL APPROXIMATION
In this section, we present the numerical approximation of the various problems encountered and
discuss some implementation issues. We use finite difference schemes for the time integration and
finite element methods for the spatial approximation. The motivation for the numerical formulation
we will describe can be found, for example, in [34–36, 50].
Copyright © 2015 John Wiley & Sons, Ltd.
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3.1. Time discretization and time advancing algorithm
Let us consider a partition 0 D t 0 < t 1 < : : : < t N D T of the time interval into N time steps of
size ıt , taken constant for the sake of simplicity. The approximation of a time-dependent function
f at time t n will be denoted f n . Likewise, the flow domain at time t n will be denoted n .
Any time integration scheme can be used to approximate the evolution problems for the velocity
and the chlorine concentration. For conciseness, let us assume that a backward difference formula
of order r is used, so that ıt.r/ f n is the r-th order approximation to the time derivative at time t n . In
our examples, we use r D 2, that is to say,
ıt.2/ f n D

1  n
f  4f n1 C 3f n2
2ıt

The first order formula ıt.1/ f n D ıt 1 .f n  f n1 / needs to be used when n D 1.
Having introduced the time discretization, the sequential algorithm to solve the problem is the
following:
 Set u0 D 0; C 0 D 0 or read the initial condition for u and C (time periodical boundary
conditions are also allowed).
 For n D 1; : : : ; N do the following:
- Compute the domain velocity ud on n1 by solving (4)–(7) (very often the problem is
trivial). Update the domain to n .
- On n , solve for the velocity un and the pressure p n from the time discrete version of (9)
and (10), that is,
 ˝

˛
(26)
ıt.r/ un ; v C un  ud  run ; v C 2 .r s un ; r s v/  .p n ; r  v/ D hf ; vi
.q; r  un / D 0

(27)

- On n , solve the rechlorination problem (24) for urec and prec , if needed.
- On n , solve for the chorine concentration C n from the time discrete version of (25), that is,
 ˝

˛
ıt.r/ C n ; D C un C urec  ud  rC n ; D C mol .rC n ; rD/ C k.C n ; D/ D 0 (28)
 End
3.2. Space discretization
Once the time discretization is performed, we need to discretize the problem in space. The spatial
approximation of problems (4)–(7) is easy, and we shall not describe it here. When the solution is
not a trivial scaling of the vertical coordinates, a simple Poisson solver needs to be used. Likewise,
the finite element approximation of problem (24) is much simpler than that of the Navier–Stokes
equations, of which it can be considered a particular case, so we will only describe our way to
approximate (26)–(27), and also (28).
We assume that both problems are discretized using the same finite element mesh ¹Kº; K denoting a generic element domain. We consider this mesh quasi-uniform, of size h D max¹h
P K º; hK
being the diameter of element K. Summation over all elements will be indicated by K , and the
L2 product in K by .; /K .
3.2.1. Navier–Stokes equations. The finite element approximation of problems (26) and (27) may
suffer from two main sources of numerical instabilities, namely, the classical oscillations found in
convection-dominated flows when the viscosity is small and the compatibility conditions between
the velocity and pressure interpolation. In order to overcome both, we use a stabilized finite element
method. Let Vh  V and Qh  Q be the velocity and pressure finite element spaces, respectively,
and V0;h  V0 the finite element space for the velocity test functions. We construct them with
equal continuous interpolation. In particular, in the numerical simulations, we have taken linear
tetrahedral elements.
Copyright © 2015 John Wiley & Sons, Ltd.
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The approximation of problems (26) and (27) at each time step n consists of finding a velocity
unh 2 Vh and a pressure phn 2 Qh such that


 ˝
˛

ıt.r/ unh ; vh C unh  ud  runh ; vh C 2 r s unh ; r s vh



 phn ; r  vh C qh ; r  unh C SNS uh  ud I uh ; ph I vh ; qh I f D hf ; vh i

(29)

for all test functions vh 2 V0;h and qh 2 Qh , where the stabilizing term is given by
SNS .cI uh ; ph I vh ; qh I f / D

X

u;K .c/



N  .cI vh ; qh /; Ph? .N .cI uh ; ph /  f /

K

K

N  .cI vh ; qh / D c  rvh  r  r s vh  rqh
N .cI vh ; qh / D c  rvh  r  r s vh C rqh
u;K .c/ D

2jcj
4
C
hK
h2K

1

where Ph? is the projection orthogonal to the finite element space, that is to say, Ph? .f / D f 
Ph .f /; Ph being the L2 projection onto Vh . We usually lag this projection either one iteration or
one-time step. In the latter case for example, we would have Ph? .f n /  f n  Ph .f n1 /. Refer to
[35, 36] for further details.
Apart from a more or less standard iterative procedure to deal with the different nonlinearities,
the basic numerical formulation presented earlier has been implemented using some features, which
will not be detailed here. These are the following:
 Nodal-based implementation [34]. This implementation is based on an a priori calculation of
the integrals appearing in the formulation and then the construction of the matrix and righthand-side vector of the final algebraic system to be solved. After appropriate approximations,
this matrix and this vector can be constructed directly for each nodal point, without the need
to loop over the elements and thus making the calculations much faster. In order to be able to
do this, all the variables have to be defined at the nodes of the finite element mesh, not on the
elements. This is also so for the stabilization parameters of the formulation.
 Predictor–corrector scheme [36]. The pressure segregation is inspired in fractional step
schemes, although the converged solution corresponds to that of a monolithic time integration.
The reader is referred to the references indicated in each item for details.
An important feature of our formulation is that we do not introduce any turbulence model and rely
on the dissipative structure of the numerical model to simulate the effect of the unresolved scales.
This approach is known as implicit large eddy simulation. A full discussion on the theoretical basis
of this strategy can be found in [49], and a thorough assessment of its performance in classical
turbulence benchmark problems in [51].
3.2.2. Chlorine concentration equation. Let us consider now the finite element approximation of
(28). Again, we construct the finite element space for C n using continuous interpolations, the same
as for the velocity and the pressure in the Navier–Stokes equations. Let VC;h  VC be the resulting
finite element space and VC;0;h the corresponding space of test functions. The approximation we
use at each time step consists in finding Chn 2 VC;h such that

 ˝
˛


ıt.r/ Chn ; Dh C unh C urec;h  ud  rChn ; Dh C mol rChn ; rDh C k Chn ; Dh


C SC uh C urec;h  ud I Chn ; Dh C DC uh C urec;h  ud I Chn ; Dh D 0
Copyright © 2015 John Wiley & Sons, Ltd.
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for all Dh 2 VC;0;h , where urec;h is a finite element approximation of urec . It is observed from (30)
that two terms have been added to the standard Galerkin terms. The first is in charge of stabilizing
convection-dominated flows and is similar to the one encountered for the Navier–Stokes equations.
It is given by
X

?
SC .cI Ch ; Dh / D
C;K .c/.C .cI Ch /; Ph .C .cI Dh //K
K

C  .cI Dh / D c  rDh 
C .cI Dh / D c  rDh 
C;K .c/ D

mol Dh

C rDh
D
C
rDh
mol
h

2jcj
4 mol
C
hK
h2K

1

where Ph? stands now for the orthogonal
projection onto VC;h .

With the introduction of SC uh C urec;h  ud I Chn ; Dh , it is possible to obtain globally stable solutions in convection-dominated flows, that is to say, flows with small mol . However, small
oscillations localized near sharp gradients of the solution may still remain. In the problem we are
considering, these regions appear in the jets of chlorine injected into the tank. The chlorine concentration in these jets is higher than that of the water in the tank, and very sharp gradients appear close
to the entrance of the jets. In fact, the chlorine concentration is discontinuous on the boundary of
the tank.

The term DC uh C urec;h  ud I Chn ; Dh in (30) is designed to avoid localized oscillations. It is
what is often called a discontinuity capturing or shock capturing term. In the modeling of water
tanks, we have found very effective to compute it as it is explained in [50], where it is proposed but
not tested:
X

DC cI Chn ; Dh D
K;dc .c; Ch /.rCh ; rDh /
K

jPh? .rCh /j
1 
˛ mol C jcjhK C rh2K
2
jrCh j
˛ D max ¹0; 1  jcjhK =.2 mol /º

K;dc .c; Ch /

D

Note that K;dc .c; Ch / is a nonlinear diffusion
ˇ only when the Péclet number of the chlorine
ˇ that acts
concentration equation is high and when ˇPh? .rCh /ˇ is high compared with jrCh j, which can be
understood as a situation in which the finite element mesh is not able to capture gradients of finite
element functions.
In Section 4, we will present (for the first time) a simple example showing the usefulness of
introducing this discontinuity capturing term, in particular in the entrance of jets in a water tank.
Apart from solving a simple problem to better understand its effect, we have also applied it in the
simulation of real water tanks.
4. NUMERICAL SIMULATIONS
In this section, we present some numerical simulations obtained using the numerical formulation
developed in this paper. We start with a section testing some of the new numerical ingredients
proposed, in particular the shock-capturing technique, the approximation of the jet boundary conditions, and the approximation of small jets into a bulk flow. The tailored ALE formulation proposed
is directly tested in the next application cases.
As application examples, we present the results of the numerical simulation of two water storage
tanks. These results are very qualitative, with the only intention to demonstrate the potential of the
model we have developed to determine the time evolution of the chlorine concentration.
The mathematical and numerical model has been fully described, including the value of the physical constants and the numerical parameters used in the calculations. In the two cases analyzed, the
simulation time has been T D 24 h, and zero initial conditions have been assumed, both for velocity
Copyright © 2015 John Wiley & Sons, Ltd.
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and for chlorine concentration. The time step has being taken as ıt D 1 s, and therefore, 86,400
time steps have been computed in both problems. From the modeling point of view, it only remains
to describe the setting of the problem and, from the numerical side, the mesh used.
4.1. Testing some of the new ingredients of the formulation
In this subsection, we present some simple tests to quantify some of the novel modeling or numerical
approximations proposed in this paper, in particular
 The way to treat the advection velocity in the chlorine concentration equation (explained in
Subsection 2.3.1). In essence, we propose to superpose the flow of the small chlorine jet to the
bulk flow (which is obviously an approximation for nonlinear flow problems).
 The need for a discontinuity capturing term in the approximation of the chlorine concentration
equation (explained in Subsection 3.2.2). Results using this method are here presented for the
first time.
 The model for the falling of water jets (explained in Subsection 2.2.2), and in particular the
comparison between options (19) and (20).
4.1.1. Comparison of exact and approximated advection velocities in the chlorine concentration
equation. In this numerical example we compare the final chlorine concentration results using an
exact treatment of the chlorine injection (doing the whole simulation of all inflow conditions in a
single step) and the approximated one (taking into account independently uh and urec;h , the approximation to urec ). The following bidimensional problem is considered: the computational domain
consists of a rectangle of dimensions 10  2m2 . A 0.02-m wide injection jet with an inflow velocity
of 0.01 m/s is entering through the left wall between y-coordinates 0.99 m and 1.01 m, the chlorine concentration being 0.001 kg/m3 . A 0.4-m wide, chlorine-free water jet is impacting the upper
boundary with an inflow velocity of 0.5 m/s in the area between x-coordinates 4.8 and 5.2. In the rest
of the upper boundary, an outflow velocity is set so that the incompressibility constraint is fulfilled
in the whole computational domain.
Figure 5 shows a comparison of the results after 500 s of the chlorination process has been simulated, considering both the whole advection velocity c D uh Curec;h in a single simulation, or, on the
contrary, solving independently for uh using the Navier–Stokes equations and for urec;h using a stationary Stokes problem. In can be seen that results for both velocity and chlorine concentration are
very similar, from which we conclude that the approximation introduced does not significantly affect
the accuracy of the method for the small chlorine injection velocities that have to be considered
in practice.
4.1.2. Testing the shock capturing method. In this numerical example, we test the efficiency of the
shock capturing technique for eliminating the local numerical oscillations, which appear in the areas
with large concentration gradients. The computational domain is again a rectangle of dimensions
10  2m2 . A 0.02-m wide injection jet with an inflow velocity of 0.01 m/s is entering through the
left wall between y-coordinates 0.49 and 0.51 m, the chlorine concentration being 0.001 kg/m3 . No

Figure 5. Comparison of results for different methods to compute the advection velocity. Top: monolithic
approach; bottom: partitioned approach; left: velocity norm contours; and right: concentration contours.
Copyright © 2015 John Wiley & Sons, Ltd.
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Figure 6. Results for the chlorinated jet injection after 20,000 s of simulation. Top: chlorine concentration
field and bottom: chlorine concentration at a cut along x D 0:1 m.

water jet in the superior boundary is considered, and an appropriate exit velocity is set in the top
boundary so that the incompressibility constraint is fulfilled. Figure 6 shows a comparison of the
results with and without shock capturing. The results without the shock capturing terms show spurious numerical oscillations in the area surrounding the jet injection. These oscillations are completely
dumped with the shock capturing technique.
4.1.3. Water jet entry profile. In this section, we test the numerical performance of the approximation for the water jet entry profile, that is, we compare the results obtained with (19) and (20). In
order to do this, a restriction to the bidimensional case of the water jet entry profile is considered.
The first step consists in imposing the momentum conservation in the bidimensional case. Similar
to the three-dimensional case, we first need to enforce the continuity equation:
Z
2U0 R0 D 2M.0; L/
0

R


 r 3=2 3
1
dr
R

from which we obtain the 2D-counterpart of (14)
M.0; L/ D 2:71U0

R0
R

from where we get

 r 3=2 3
R0
1
U.r; L/ D 2:71 U0
˛R
R
Because only the ˛ fraction of the jet is composed of water, the water entry velocity to consider in
the numerical simulation will be

 r 3=2 3
R0
1
U.r; L/ D 2:71U0
R
R
In this numerical example, a 0.2-m diameter jet (R0 D 0:1 m) with an inflow velocity U0 D
1 m/s at a height of the center of Z0pD 1 m is going to be considered. The water surface impact
time of the center of the jet is Tf D 2Z0 =g D 0:4515 s. The impact velocity considering only
Copyright © 2015 John Wiley & Sons, Ltd.
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uniform horizontal movement and accelerated vertical movement is u D .1; 4:42/ m/s, and the
horizontal distance traveled by the water jet is L D 0:4515 m. This allows us to compute the
direction of the jet at the impact point: uO D .0:22; 0:975/. The jet radius at the impact point is
R D R0 C0:005L D 0:1023 m. The impact velocity profile to be considered along an impact region
of radius R D 0:1023 m is the following:

 r 3=2 3
uO m/s
(31)
ujet D 2:7723 1 
0:1023
which is the 2D-counterpart of (19). This is going to be compared with the result of applying the
simplified velocity profile given (20), which in this case reduces to
ujet D uO m/s

(32)

Figure 7 shows a comparison of the profiles of both (modeled and approximated) inflow velocities.
Moreover, the impact-projected surface radius in the streamline direction can be computed as
rimpact D

r
;
cos. /

06r 6R

where is the angle of uO with respect to the vertical direction. For this numerical example, cos. / D
0:975.
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Figure 7. Comparison of modeled and approximated jet velocity profiles.

Figure 8. Comparison of velocity fields after 50 s of simulation for the modeled (top) and approximated
(bottom) jets.
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The computational domain in this example is again a 10  2 m2 tank, in this case with the jet
impacting in the middle of the upper boundary of the tank. An appropriate outflow velocity is set
in the rest of the water surface so that the incompressibility constraint is fulfilled. Figure 8 shows
the comparison of the velocity norms obtained using (31) and (32). The physical and geometrical
parameters employed are of the order of those encountered in practical applications. It is observed
that the resulting flow patterns are similar, particularly considering all the approximations (physical
and numerical) of the model.
4.2. Water tank 1
In this first application example, we show the results corresponding to the numerical simulation of
the water tank shown in Figure 9. The left side of this picture shows where the water inlet is located.
In this case, there is a jet of water (E) that impacts the time-dependent free surface, where the model

Figure 9. Water tank 1. Left: geometry, showing inlet (E), outlets (S1, S2), and rechlorination inlet (R).
Right: finite element mesh of 111,788 tetrahedral elements.

Figure 10. Water tank 1. Velocity vectors at t D 10; 000 s.

Figure 11. Water tank 1. Contours of the norm of velocity vectors at t D 10; 000 s.
Copyright © 2015 John Wiley & Sons, Ltd.
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described in Section 2 has been used. In this case, there are two outlets, S1 and S2. A flow rate is
prescribed in the former, whereas the latter is left free. Finally, chlorine is introduced in this example
through a little hole placed close to the top of the tank wall (R).
The finite element mesh used in this example is shown in the right picture of Figure 9. It is
a relatively coarse mesh made of 111,788 linear tetrahedral elements. Nevertheless, the stabilized
finite element method described in Section 3 is able to capture the large scales of the flow and
provide a stable numerical simulation. It is observed that the finite element mesh has been refined
in the regions close to the inlets and outlets.
Velocity vectors at t D 10; 000 s are shown in Figure 10. The interest of having a global picture
of the velocity field is that dead zones can be easily identified. These zones are potential areas
of problems, either because chlorine takes a long time to arrive there (by diffusive mechanisms)
or because water particles have a long residence time, allowing for its deterioration. Additional
information can be obtained looking at the contours of the norm of the velocity field, which are
shown in Figure 11 for a well-advanced simulation time.
Perhaps, the most relevant quantity to be computed is the concentration of chlorine at all points
of the computational domain and all time instants. Different iso-surfaces of chlorine concentration
at t D 10; 000 s are shown in Figure 12. The reference concentration at the chlorination inlet (R) is
1 (note that the equation for C is linear).
This simulation has been performed according to the demand–supply curves shown in Figure 13.
In fact, in this case, two demand curves have been considered, leading to two different simulations.
With these curves, it is possible to determine the evolution of the free surface in time, apart of course
of fixing the boundary conditions.
A simple outcome of the simulation that can be easily monitored is the chlorine concentration at
the outlet. This is shown in Figure 13 (right picture) for the two simulations considered. Note that
it takes some time until chlorine arrives to the exit, and then it grows until the end of the simulation
time. If several days were simulated, a permanent regime would be obtained.

Figure 12. Water tank 1. Different iso-surfaces of chlorine concentration at t D 10; 000 s.

Figure 13. Water tank 1. Left: Supply curve. Middle: Demand curve for two different simulations. Right:
Chorine concentration at the outlet in time for the two different simulations.
Copyright © 2015 John Wiley & Sons, Ltd.
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4.3. Water tank 2
In this second application example, we perform a simulation similar to the previous one but with a
different setting. In this case, the water tank is cylindrical, with several columns that support a lid
that covers it. The geometry is shown in Figure 14, where the rechlorination inlet (R), the water
inlet (E), and the outlet (S) can be observed. In this case, the jet of the inlet is always below the free
surface, and therefore, it is only necessary to fix the inlet velocity as boundary condition.
The finite element mesh used in this example is shown in the right picture of Figure 14. Once
again, it is a relatively coarse mesh made of 113,951 linear tetrahedral elements, but the large scales
of the flow can be captured with the formulation we have used.
To visualize the dynamics of the flow in the region close to the inlet and the outlet, the trajectories
of a few particles are shown in Figure 15. These trajectories are chosen as those with a short length
from the inlet to the outlet. Other particles flow over all the tank in a much more complex pattern.
Contours of velocity norm at two different time instants are shown in Figure 16. As mentioned
earlier, this information may serve to localize dead flow zones in the tank. The other important
output of the simulation, namely, the iso-surfaces of chlorine concentration, are shown in Figure 17
at t D 10; 000 s.
This simulation has been performed according to the demand–supply curves shown in Figure 18,
with which it is possible to determine the evolution of the free surface in time, apart of fixing the
boundary conditions. In the right picture of Figure 18 the evolution of C in time at a point in the
outlet is observed. After an initial transient, this concentration oscillates around a mean value.

Figure 14. Water tank 2. Left: geometry of the boundary of the tank, showing the rechlorination inlet (R);
middle: geometry of the interior of the tank, showing the inlet (E) and the outlet (S); and right: finite element
mesh of 113,951 tetrahedral elements.

Figure 15. Water tank 2. Two views of particle tracking in the region close to the inlet.

Figure 16. Water tank 2. Iso-velocity contours at two time instants.
Copyright © 2015 John Wiley & Sons, Ltd.
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Figure 17. Water tank 2. Iso-surfaces of chlorine concentration at t D 10; 000 s.

Figure 18. Water tank 2. Left: supply curve, middle: demand curve, and right: chorine concentration at the
outlet in time.

5. CONCLUSIONS
In this paper, we have presented a complete model to simulate the hydrodynamics and evolution of
chlorine concentration in water tanks. This model has different original ingredients, both from the
physical and from the numerical modeling sides. From the physical viewpoint, apart from setting
the standard equations for the flow problem and for the concentration of chlorine, we have proposed
strategies to treat the water jets that feed the tank, the motion of the free surface from the demand–
supply curves, or the injection of chlorine through inlets of small diameter. From the numerical
side, we have presented the finite element formulation we use, which includes stabilization terms to
allow equal interpolation of all variables and convection-dominated flows, as well as a discontinuity
capturing method to cope with very high gradients of the solution, tested here for the first time.
The physical model proposed allows us to simulate the physical phenomenon with all its features
and with what we believe are reasonable approximations. The numerical formulation has demonstrated its robustness, yielding numerical approximations free of oscillations and physically reliable.
We believe that the complete model has a great potential to optimize water chorination in tanks,
including if necessary more sophisticated models than those used here.
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